We apply a spherically symmetric one-dimensional hydrodynamical code to study the heating of the inter-cluster medium (ICM) by AGN activity in cluster galaxies. The AGNs drive bubbles into the ICM and the resulting heating is assumed to be selfregulating. Bubbles affect the ICM in three distinct ways. Firstly, immediately after injection, bubbles expand in situ until they reach pressure equilibrium with the ICM. During this expansion, they heat the ICM by means of weak shocks. Secondly, buoyancy is resisted by viscous or turbulent drag which can also heat the ICM. Thirdly and less importantly, as the bubbles rise by buoyancy, they expand and do adiabatic work which shortens the cooling time in the ICM. The resulting feedback adds considerably to previous estimates of mechanical energy input based only on the observed thermal energy content of x-ray cavities, and suffices to suppress cluster cooling flows. Our self-regulating scenario predicts that there should be enhanced AGN activity of galaxies inside cooling regions compared to galaxies in the outer parts of the cluster. This prediction remains to be confirmed or refuted by observations.
INTRODUCTION
The observed properties of the x-ray emitting gas in clusters of galaxies present several challenging puzzles for which satisfactory explanations are yet to be found. The absence of cold gas (with temperatures below ∼ 1 keV) is one of those puzzles (e.g. Peterson et. al. 2001) . Because of radiative losses, one would expect the temperature profiles to fall below a keV or so in the central regions where cooling is most efficient. Yet in none of the observed clusters does the temperature drop to the level dictated by cooling alone. Hence efficient heating mechanisms must operate without fail at the cores of all cooling clusters.
The most popular mechanism for suppressing cooling is energy released by an AGN harboured by the central cluster galaxy (cf. Quilis et. al. 2001 , Babul et. al. 2002 , Kaiser & Binney 2003 , Dalla Vecchia et. al. 2004 , Roychowdhury et. al. 2004 , Voit & Donahue 2005 , Nipoti & Binney 2005 , and references therein). Relativistic ejecta from the AGN transform into hot bubbles that eventually reach pressure equilibrium with the ICM and proceed to rise buoyantly away from the center. These bubbles are believed to be one of the means with which the AGN can heat the ICM. Furthermore, mechanical activity near the center can generate sound waves which are believed to eventually dissipate their energy in the ICM. To balance cooling in a cluster of x-ray luminosity of Lx ∼ 10 44 erg s −1 , a central AGN must produce ∼ 10 60 erg over the entire life-time of the cluster. This is at the upper limit of the observed range of AGN energy output in galaxy clusters, based on the pV content of x-ray cavities (e.g. Bîrzan et. al. 2004) . The challenge, however, is to arrange for efficient energy transport from the AGN over the entire cooling core, or out to distances of up to ∼ 100kpc.
We propose that the cluster ICM is heated by the AGN activity in galaxies other than just the central galaxy. The AGNS emit emit over-pressurized bubbles, and the ICM is primarily heated by weak shocks created as the bubbles expand (virtually in situ) to reach pressure equilibrium with their surroundings. Additionally, the ICM is also heated, albeit to a lesser extent, by the work done by the drag forces as the bubbles, after having reached pressure equilibrium, rise buoyantly in the ICM towards the lower-pressure outer regions. As they rise, the bubbles will further expand. The adiabatic expansion causes a corresponding adiabatic compression of the ICM and hence, an increase in its internal energy. We find that this heating due to the mechanical P dV work is, like the viscous heating, also much less important than the heating due to the weak shocks. Moreover, the compression in fact enhances runaway cooling. This can be seen as follows. The compression of the ICM can be approximated as an adiabatic process so that the "entropy" S = T /n 2/3 is conserved. The bremsstrahlung cooling time is tc ∝ T /(nT 0.6 ) ∼ S 0.4 n −1.06 . Therefore, cooling becomes more efficient as n is increased during adiabatic compression.
In our model, the heating occurs near where the bubbles are produced but since the galaxies that produce these bubbles are distributed throughout the cluster core region, so too is the heating. Modest heat conduction should suffice to distribute further the energy over the ICM between the galaxies. Since the energy deposition is a local phenonemon, it is relatively straightforward to construct a self-regulating model.
To model the interaction of the bubbles with the ICM (which we treat as all material not belonging to the hot and dilute bubbles), we use a spherical one-dimensional (1D) hydrodynamical code. The code treats the bubbles and the ICM as a two-fluid system in a fixed dark matter halo. The code treats the interaction of the bubbles and ICM in a consistent semi-analytical way and assumes that the distribution of the bubbles is spherically symmetric. The code integrates the hydrodynamical equations of an ambient medium with thermodynamic properties which depend on the local filling factor of bubbles.
The outline of the paper is as follows. In §2 we derive the equations of motion of the ambient medium and present details of the the interaction of the bubble fluid with the ICM. In §3 we present our scheme for self-regulating feedback and discuss its general properties. We describe the numerical implementation in §4 and show results in §5. We conclude with a summary and general discussion of alternative heating schemes in §6.
THE EQUATIONS OF MOTION FOR THE AMBIENT MEDIUM
A 1D hydrodynamical code cannot tackle the intrinsically three-dimensional (3D) problem of the evolution of individual bubbles in the ICM, in particular if bubbles are injected from sources away from the center as in our proposed scenario. Therefore, a formalism for following the evolution of bubbles statistically must be developed. We represent bubbles as a fluid specified by the following physical quantities: the radius of bubbles, their number density, and velocity, all as a function of distance from the center. The bubbles and the ICM are a two-fluid system that is best described as a single fluid which we term the ambient medium. The representation in terms of a single medium is applicable only if local pressure equilibrium between the bubbles and the ICM is established (Appendix A). Hereafter, quantities related to the ambient medium, the bubbles, and the ICM (gas outside bubbles) are denoted by the subscripts, a, b, and I, respectively. Suppose that the volume filling factor of bubbles at r is F (r). The ambient density, ρ a , at position r, is defined as
in terms of the density inside bubbles, ρ b , and the density of the ICM, ρ I , also at r. The local ambient energy, u a , per unit mass as
where u b and u a are the energy per unit mass of the material inside the bubbles and of the ICM. If the pressure, p, is p = (γ − 1)uρ for both the ICM and the material inside the bubbles, Following an analysis similar to that presented in Appendix A we find that the equation of state of the ambient medium is,
where
and we have assumed local pressure equilibrium between the bubbles and the ICM. These thermodynamic relations supplement the following equations of motion of the ambient medium in a gravitational field g(r),
In the absence of dissipative heating and cooling, the adiabatic energy equation is,
Dissipative heating and cooling will affect the energy equation as described below. In the above equations the change of the filling factor as a result of dissipative heating and cooling, production of new bubbles, and bubble motion will have to be taken into account self-consistently.
Motion of bubbles and their interaction with the ICM
In our model, cluster galaxies affect the ICM by the production of over-pressurised bubbles made of hot relativistic plasma with an adiabatic index γ b = 4/3. Bubbles are produced in response to local cooling in the vicinity of galaxies according to the self-regulating mechanism described in §3.
Let n b (r), v b (r), and R b (r), be, respectively, the number density of bubbles, the velocity of bubbles relative to the ambient medium, and the radius of bubbles, all at distance r from the center. The motion of the bubbles is modeled as that of a pressure-free (i.e. collisionless) fluid with a velocity that is determined by a balance between buoyancy and drag forces with the ICM. Bubbles are assumed to be injected with the same energy per bubble and the same entropy so that at distance r all bubbles have the same size and the same velocity. Therefore, a hydrodynamical description for the flow of bubbles is self-consistent. The pressure-free assumption is also self-consistent since v b (r) is a single-valued function of r so that no "shocks" can form.
The various phases of the evolution of the bubbles are as follows:
• Phase I: A bubble is injected at distance r from the center. This over-pressurised bubble undergoes a super-sonic expansion in the ICM until its internal pressure drops close to that of the ICM. During this phase of rapid expansion, the bubbles heats the ICM by the production of weak shocks. This expansion is assumed to be quite rapid and such that the bubble does not move significantly away from the distance at which it has been injected.
• Phase II: The dilute hot bubble then rises by buoyancy towards more distant regions of lower pressure. Bubbles exert P dV work on the ICM as they expand to adapt to the pressure in the outer regions. The moving bubbles additional heat the ICM via the viscous drag forces. As noted, the velocity of bubbles relative to the ambient medium is determined by a balance between buoyancy and drag forced with the ICM.
• Phase III: Finally, bubbles are destroyed by hydrodynamical (Raleigh-Taylor and Kelvin-Helmholtz) instabilities (e.g. Soker, Blanton & Sarazin 2002) .
Initial parameters of an injected bubble
Let a bubble be injected with an initial energy E bi and an initial internal pressure p bi . Since 
Bubble radius as a function of distance
The bubble radius, R b (r), at any distance r from the center can be estimated from the adiabatic condition p b ρ b −γ b = const. This condition must hold in Phase I and Phase II because the speed of sound of the relativistic plasma in the bubble is much larger than its expansion velocity. The adiabatic condition yields
which for γ b = 4/3 gives the weak dependence, R b ∝ (p bi /p) 1/4 , on the pressure ratio.
Heating by shocks
We estimate the energy transferred from bubbles to the ICM by means of weak shocks during Phase I. The equation of state of the material inside the bubble gives
for the thermal energy of a bubble of radius R b with internal pressure p b . At the end of the rapid expansion in Phase I we assume that p b ≈ p0 where p is the ICM pressure at the distance at which the bubble has been injected. Substituting p = p0 in (8) to get R b , we find that the thermal energy at the end of Phase I is
This equation implies that E b 0 ∝ pR b 3 can be substantially smaller than the initial energy of the bubble. The heat transferred to the ICM by the generation of shocks is
. (10) where 0 ≤ C wsh ≤ 1 is a free parameter.
Buoyancy and heating of the ICM by drag with rising bubbles
In Phase II the motion of bubbles is determined by the balance between buoyancy and drag forces with the ICM (e.g. Churazov et. al. 2001) . A bubble of radius R b at distance r experiences a buoyant force of
where g eff is the gravitational force field (per unit mass) as measured in a frame of reference attached to the ambient medium at distance r, and we have assumed that ρ b ≪ ρ a . The actual gravitational field, g, differs from g eff only when the system deviates from hydrostatic equilibrium, such as in a cooling runaway where g eff ≈ 0. We write the drag term on the bubble as it moves through the ICM as
where we have assumed that v b ≪ cs. Equating the drag and buoyancy forces yields
The bubble radius, R b (r), as given by (8) depends only on p(r). Therefore, all bubbles with the same initial radius and internal pressure share the same velocity at r, independently of the distance at which they have been injected into the ICM. When v b is non-negligible compared to the speed of sound in the ambient medium, the drag becomes more efficient. Here we account for the increase in the drag coefficient by using the following expression for v b
As bubbles rise they heat the ICM by viscosity and/or turbulent wakes formed behind them. A single bubble heats the ICM by drag at a rate (in units of energy per time) of ,
To get the heating rate per unit mass, H drag , we multiply this expression by the number density of bubbles, n b , and divide it by the density of the ICM mass per unit volume, i.e. (1 − F )ρ I = ρ a . The result is
It is instructive to relate this heating term to the physical parameters of the bubbles and their injection rate. Assume that bubbles are injected within a sphere of radius R inj around the center, at a rateṄ inj per unit volume. Neglecting bubble destruction, the total number of bubbles within a distance r ≫ R inj isṄ inj (4π/3)R inj 3 r/v b , so that the number density within r isn b (< r) ≈Ṅ inj R inj 3 /(v b r 2 ). Approximating n b (r) ∼n b (r) in (15) and using (13) give
It is interesting this does not depend on the drag coefficient, C d . We can further simplify this expression by noting the bubble energy at r is E b ∼ 4πR b 3 p/3. The final result is
For r < R inj the heating rate is obtained by replacing R inj with r in the last expression. In the numerical code, the drag heating is computed explicitly using (15).
SELF-REGULATING FEEDBACK
We write the energy equation in terms of the ICM entropy
where t cool is given by (B1). As explained before, two sources contribute to H: a) heating by weak shocks generated during the initial rapid expansion of the over-pressurized bubbles, and b) heating by drag with the ICM as bubbles rise up by buoyancy. Adiabatic work done by the bubbles as they move upward does not change S I and therefore does not contribute to H. We introduce R inj , the distance from the center within which bubbles are injected. At r > R inj , bubbles can be present only as a result of flow of bubbles from regions with r < R inj . Given the flux (number per unit volume per unit time),Ṅ inj (t, r), of injected bubbles, we write the local heating rate (energy per unit mass of the ICM) via weak shocks as
where ∆E1 is given by (10). As a recipe for self-regulated feedback, we assume that bubbles are generated only ifṠ I is negative. We write the flux of injected bubbles at a point r ≤ R inj aṡ
and zero, otherwise. The free parameter η represents the product of the mass fraction of cold gas that accretes onto the AGNs and the efficiency of AGNs at transforming the accreted mass into bubbles. The cold gas is assumed to be generated at a rate (in units of mass per unit volume per unit time) of ρ IṠI /S I . This cold gas is assumed to form by condensation via the development of thermal instabilities (e.g. Field 1965). Finally, c is the speed of light and, as before, E bi is the energy with which a bubble is injected. Let us consider in detail the effect of this type of feedback. Considering only heating by weak shocks, we substitute ∆E1 andṄ inj from (10) and (20), respectively, into (19) to obtain,
where p = p(r) is the ambient pressure at r and p b is the internal bubble pressure with which the bubbles are injected. This expression holds forṠ I < 0. ForṠ I > 0, we have H = 0.
Substituting (21) in (18) and solving forṠ I we get,
This means that cooling is substantially suppressed at low temperatures, u ≪ u A . Therefore, for an ICM at temperature corresponding to velocity V an efficient suppression of cooling at distance r occurs if
where we have assumed p b ≫ p. Note that sinceṄ inj ∝ 1/E bi , neither the shock nor the drag heating depend on E bi .
NUMERICAL MODEL
We develop a numerical hydrodynamical model to describe the evolution of the ICM and the bubbles in a fixed dark matter halo. The density profile in the halo is approximated by the NFW profile (e.g. Hayashi et. al. 2004 ) of the form
where s = r/Rv and Rv is the virial radius of the halo. The parameter δc is determined by the condition that the mean density within r = Rv is 178 times the background density,ρ(t). We adopt the value c = 5 for the concentration parameter (e.g. Balogh et. al. 2005) . The ambient medium is represented by lagrangian shells of fixed mass. In each time-step, the equations of motion of the bubble and the ambient fluids are solved in the following order: (i) advance the ambient shells according to equations (5) and (6) without radiative cooling or dissipative heating.
(ii) update bubble properties in each shell as a result of the change in incurred in the ambient medium (see Appendix A) after the hydrodynamic step (i). (iii) estimate dissipative heating (by weak shocks and drag) and radiative cooling of ICM and update the corresponding ambient pressure and bubble properties without moving the ambient shells.
(iv) inject the ambient medium with new bubbles according to the recipe outlined in ( §3).
The integration of the hydrodynamic equations (5) and (6) includes artificial viscosity (e.g. Richtmyer & Morton 1967; Thoul & Weinberg 1995; Nusser & Pointecouteau 2005) in order to deal with any abrupt changes in the velocity which may arise if a cooling runaway develops. The bubble fluid is moved through the shells of the ambient medium using a first order flux conserving scheme. The velocity of this fluid relative to the shells is given by (14). Finally, a leapfrog time integration scheme is used.
RESULTS
We adopt a flat cosmology with baryonic and dark matter density parameters respectively Ω b = 0.044 and Ωm = 0.27, a cosmological constant corresponding to a density parameter of ΩΛ = 0.686, and a Hubble constant of H0 = 70km s Spergel et. al. 2003) . The number of shells describing the ambient medium is 50 in all of the runs. The initial shells are placed at logarithmically spaced distances from the center with the nearest shell r = 15kpc and the farthest lying at the virial radius of the halo. The initial temperature profile is assumed to be isothermal with a temperature, T (in keV), given by 1.16 × 10 7 kBT /µmp = (2/3)GMv/Rv where kB is the Boltzmann constant, µ is the mean molecular weight and mp is the mass of the proton. The equation for hydrostatic equilibrium implies a slope of −9/4 for the gas density at r = Rv. The gas density at any r (r < Rv) is solved numerically using the equation of hydrostatic equilibrium including gas gravity. In solving this equation, the gas to dark matter mass ratio at r = Rv is taken to be the background ratio Ω b /Ωm. The mass in each ambient shell is then estimated from the gas density profile. Because of the limited number of shells, a constant temperature does not necessarily guarantee that the shells are actually in strict hydrostatic equilibrium. Therefore, given the mass in each shell, we use the discrete form of the equations of motion as they appear in the numerical hydrodynamical code (e.g. Weinberg & Thoul 1995) to obtain a temperature (thermal energy per baryon) in each shell such that strict equilibrium is achieved at the initial time. This yields nearly isothermal temperature profiles with deviations that increase with radius.
In all runs, the code evolves the shells from redshift z = 2 until z = 0. In some runs with insufficient feedback to counter cooling, the hydrodynamic time-step becomes exceedingly small. Whenever this happens, the shells colder than 1 keV and denser than 1.5cm −3 are held fixed and are not moved by the code at any later time.
Results from simulations for clusters with virial radii of Rv = 4 Mpc and Rv = 2 Mpc are shown in Fig. 1 and Fig. 2 , respectively. In the column to the left we show results which include radiative cooling and no heating. For both values of Rv, effects of cooling become significant already by z = 1. At z < 0.5 a cooling runaway develops in the inner regions: cooling becomes increasingly more rapid due to the enhanced density and lower temperature.
The effect of heating by bubbles, according to our feedback recipe described in §3, is explored in the middle and right panels for two values of the efficiency parameter η. To model the effect of multiple AGN activity, bubbles are allowed to be injected anywhere in the ICM (i.e. R inj = R v ). As noted before the heating rate of the ICM does not depend on the initial bubble energy, E bi . All results in these two columns are for C d = 1 and C wsh = 1, and an initial bubble pressure of 10 3 times the central ICM pressure. Cooling flows for the two different clusters are completely suppressed for η as low as 0.01, while a value η = 10 −5 gives moderate suppression of cooling as is required by the observations.
SUMMARY AND DISCUSSION
We propose that modest radio outbursts from many cluster galaxies may help to quench cluster cooling flows. We appeal to typical massive elliptical galaxies which are thought to have radio outbursts with a duty cycle of ∼ 10 8 yr per Hubble time (Best et. al. 2006) and are concentrated in the cluster core (within the central 200 kpc or of order twice the extent of the cooling region). Weak shocks generated during the initial bubble expansion and viscous/turbulent drag on buoyantly rising bubbles are the principal dissipative heating processes. Indirect evidence for multiple heating sources in the form of AGN comes from the frequent presence of x-ray cavities that survive long after any associated radio lobes have decayed. Our scenario is in agreement with recent observational evidence for the existence of AGN activity in about 5% of cluster galaxies at low redshift (Martini et. al. 2006) . Cosmological evolution of the AGN inevitably increases the feedback at earlier epochs (z < ∼ 2). Our scenario alleviates some of the problems of energy feedback generated by a single central source (AGN) harboured in the central cD galaxy. The needed energy transport into the entire cooling flow region cannot easily be provided if the energy source is associated only with the central AGN (e.g. Mathews, Faltenbacher & Brighenti 2005) . A similar heating mechanism has been proposed for the central AGN by Roychowdhury et. al. (2004) that however results in a convectively unstable core profile. This would destroy any pre-existing metallicity gradient, in conflict with the x-ray observations. This model moreover differs from the present discussion in that it relies on the conversion of pdV work by the bubbles into thermal energy. In fact this effect results in adiabatic compression of the ICM which only accelerates the cooling runaway.
Viscous dissipation of mechanical disturbances generated by the central engine has been proposed previously as a means of transporting energy to the outer regions of clusters (e.g. Ruszkowski, Brüggen & Begelman 2004; Reynolds et. al. 2005) . This mechanism has two potential shortcomings. Firstly, the heating rate per baryon of dissipating sound waves should decay with distance from the central source as r −3 . This is too steep a gradient to counter the cooling flow unless thermal conduction is important, which is unlikely to be the case (Zakamska & Narayan 2003 , but see Soker 2003 . Secondly, the viscosity has to be finely adjusted: too high a Figure 1 . The ICM electron number density (top), temperature (middle) and entropy (bottom) profiles versus distance from the cluster center (in Mpc). The left column shows profiles obtained with radiative cooling and no energetic feedback. In the middle and right panels feedback is done via bubbles generated in the entire cluster with efficiency parameter η = 10 −2 and η = 10 −5 , respectively. The solid, dotted, dashed and dash-dotted curves correspond to redshifts z = 1.6, 1, 0.5, and 0, respectively. The results correspond to an NFW dark halo profile with a virial radius of Rv = 4 Mpc and a concentration parameter of c = 5. The number density, temperature, and entropy are given in cm −3 , keV, and keVcm 2 , respectively. c 0000 RAS, MNRAS 000, 000-000 value results in dissipation near the central source, and too low a value means the heating is inefficient. Since the relevant viscosity coefficient scales as T 5/2 (Spitzer 1962) , it would be unlikely that a viscous solution prevails in all clusters.
A principal feature of our model is the incorporation of self-regulation between heating and cooling. This should inevitably lead to a correlation between the mechanical heating luminosity and the cooling rate. The former is measured by the properties of x-ray cavities and the latter by the cluster x-ray luminosity. Evidence for such a correlation is given by Bîrzan et. al. (2004) .
In fact, the estimated ratio of mechanical to x-ray luminosity in this latter paper falls short of that needed by Croton et. al. (2005) in order to quench cooling flows on group and cluster scales by a factor of 3-10 (Best et. al. 2006) . However, the inferred mechanical luminosities are based on cavity pV estimates. In our model, a primary source of energy transfer to the ICM is via weak shocks generated by the expansion of the initially over-pressurised bubble. The initial bubble energy is related to the cavity pV by equation (9), and the resulting injected mechanical energy may exceed pV by a factor of up to 10. Our model consequently resolves the apparent discrepancy in the estimated feedback required to halt cooling flows even in massive clusters.
An alternative heating source involves cosmic rays in the ICM cooling core, injected by a central AGN (Rephaeli and Silk 1995) . The present model provides a distributed source of cosmic rays whose observable signatures could also include a Sunyaev-Zeldovich signal (Pfrommer & Ennslin 2004) as well as an additional hadronic heating source (Colafrancesco, Dar & De Rújula 2004) that might lead to a detectable gamma ray flux. More exotic heating sources invoke collisions between superheavy dark matter particles and protons (Qin & Wu 2001 , Chuzhoy & Nusser 2004 as well as by the products of dark matter neutralino annihilations (Colafrancesco 2004) .
APPENDIX A: THERMODYNAMICS OF THE BUBBLES AND ICM

A1 Numerical description of bubbles in ambient medium
For simplicity the mass of bubbles is neglected. As bubbles are transported in the ICM in an infinitesimal time step, the ICM in a shell is either compressed or diluted depending on whether or not number of bubbles in the shell has increased or decreased. This is a purely adiabatic process that conserved the entropies inside a bubble and in the ICM. Neglecting the change the boundaries of ri+1 and ri of the shell i + 1/2 the change in the ICM properties are Assume that δN bubbles enter a shell with ambient pressure p1 and assume that the radius of and filling factor of bubbles are R b 1 and F1 We would like to estimate the ambient pressure, p, and the radius, R b , and the filling factor, F , after the bubbles enter the shell. For concreteness let δN > 0, i.e., there is a net increase in the number of bubbles in the shell. Before these bubbles enter the shell, the total material in the shell occupies a volume V1 = 4π(r
